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We analyse the time-consistent intertemporal behaviour of an individual
who discounts the future hyperbolically (HD) in the absence of commitment. In continuous-time, we extend Barros (Quarterly Journal of Economics, Vol. 114 (1999), pp. 1125–1152) analysis of a sophisticated
present-bias in a deterministic setup and characterize consumption in an
analytically tractable way. Furthermore, we embed this analysis into a
flexible AK model. Greater present bias increases the consumptioncapital ratio, decreases the steady-state growth rate, while it increases
the interest rate-growth rate wedge. Dynamically, as the interest rate
fluctuates over the business cycle, a greater present bias causes the
consumption-output ratio to be more procyclical and volatile, thus helping to resolve the consumption-output puzzle. In the transitional
dynamics, greater present bias causes a lower steady state capital stock.
All of these effects are only present or at least more pronounced under
HD than present value-equivalent exponential discounting.

1

INTRODUCTION

Growing experimental evidence from humans and non-humans (Ainslie,
1992; Loewenstein and Prelec, 1992; Angeletos et al., 2001; Frederick et al.,
2002; DellaVigna and Malmendier, 2006; DellaVigna, 2009; Sprenger, 2015)
shows a present-bias and impatience in intertemporal decision-making, in
sharp contrast to the predictions of exponential/geometric discounting.
Such behaviour can be captured by a discount factor that takes the form of
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a generalized hyperbola, leading to the label hyperbolic discounting (HD).1
Present bias and HD have important implications for many areas in dynamic
macroeconomics (consumer behaviour, saving, pensions) including the
theory of growth. There is a growing interest in the effects on growth-related
issues as witnessed by Barro (1999), Strulik (2015) and Cabo et al. (2015).
Our paper relates to this strand of literature; specifically, we analyse the
effects of HD within a continuous-time, representative-agent, deterministic
growth model.
As is well known since at least Strotz (1956; see also Frederick et al.,
2002; Sprenger, 2015), in general, non-exponential/geometric discounting
scheme induces time inconsistency:2 The same intertemporal dilemma will
receive different resolutions as the planning period gets nearer to it in time.
If so, the perturbation arguments that underlie the Euler equation are not
valid. To resolve this difficulty, one may assume full commitment to the initial plan via e.g. a saving plan or the purchase of illiquid assets such as housing; the analysis of full commitment has been carried out by Barro (1999)
and Tsoukis (2014). In this case, the Euler equation is re-instated (optimization is carried out once only at the beginning of time). But commitment is
often not sought even if there are grounds to believe that it may be beneficial
(ODonoghue and Rabin, 2015). Assuming away commitment, the alternative route is to seek a time-consistent maximisation procedure for the representative agent. In continuous time, this has been developed by Barro
(1999), following Pollak (1968).
In line with Barro (1999) and much other literature, we postulate a
sophisticated presently biased individual, namely one who is aware of their
present bias and internalizes the implications. Another approach to dealing
with time-inconsistency is to assume that the individual is na€ıvely presently
biased, whereby the individual does not realize that their plans will be
changed the next instant; see e.g. Strulik (2015), Caliendo and Aadland
(2007) and Farzin and Wendner (2014). The sophisticated case is analytically more cumbersome, as the re-optimized plan tomorrow is taken into
account today, but more internally consistent. In reality, individuals may not
be either perfectly sophisticated or perfectly na€ıve (see Frederick et al.,
2002).3
We propose a hybrid exponential-HD discount factor that is both tractable and plausible; we show that the exponential part is required alongside
the HD part. Our model of HD also generalizes the beta-delta discounting
scheme typically employed in discrete time models (e.g. Laibson, 1997;
1

There is a strand of literature that assumes declining impatience by modelling the discount factor on consumption (see Frederick et al., 2002); this insight is outside our scope.
2
An exception is suggested by Drouhin (2009) which considers a multiplicatively separable hyperbolic discount function which in fact supports a time-consistent solution.
3
Note however that neither Barro (1999) nor Strulik (2015) explicitly use such terminology.
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Harris and Laibson, 2001; Krusell and Smith, 2003).4 Moreover, we make
the following advances over other closely related contributions: We considerably extend the analysis of Barro (1999) by fully analysing the case of isoelastic preferences and endogenous growth, on which Barro (1999) is rather
tentative. In extending these results, Cabo et al. (2015) considers a more general HD discount factor with the same properties in the context of an AK
model, much as we do. Our advances over their analysis are several: firstly,
we develop explicit dynamics of the composite discount rate and relate that
to the interest rate/productivity that follows exogenous dynamics. Secondly,
as explained below, we start from a formulation that allows a clear economic
interpretation of the composite discount rate (as the consumptionintertemporal resources ratio, the main grand ratio of our balanced growth
path), in contrast with their analysis in which such an interpretation is not
possible. Finally, Cabo et al. (2015) do not offer closed-form results, as we
do. In all, within our continuous-time setup, we offer the most integrated
and analytically tractable model of HD in growth.
More specifically, the first part of the paper develops a time-consistent
maximisation procedure proposed by Barro (1999) under a sophisticated bias
and derives and fully characterizes the dynamic behaviour of the consumptionintertemporal resources ratio. We then embed this analysis into a continuoustime, flexible AK model and derive closed-form solutions. In terms of steady
state, we derive a rich set of results on growth, the consumption-capital ratio,
saving and the r-g relation (to be explained below). Though the setup involves
a representative agent, there are indirect implications for income distribution
via this differential. Though the framework is non-stochastic, we allow for a
business cycle by letting the exogenous driver fluctuate. Finally, the model provides the foundation towards an extension to flexible labour and a more thorough integration of HD into growth theory.
To preamble, we show that the presence of present-bias increases the
individuals propensity to consume out of lifetime wealth and reduces saving
and the growth rate in the steady state. Furthermore, the wedge between the
real interest rate and the growth rate (r-g) also rises; this wedge in the view
of Picketty (2014, 2015) may increase income inequality (a point on which
we do not dwell further). In terms of transitional dynamics, a standard AK
model with exponential discounting can be interpreted as a limiting case of
the more general framework presented here. We show that HD results in
intrinsic dynamics richer than the entirely extraneous dynamics of the standard AK model when the exogenous driver of productivity, here equal to the
interest rate, exhibits its own dynamics. Near the benchmark case of no HD,
we find that a greater present-bias and intensity of HD makes the
4

Zou et al. (2014) develops a stochastic discount factor, from which we abstract; Laibson (1997)
helps re-awaken interest on present bias; he applies his discrete-time setup to a neoclassical
model with exogenous growth.

C 2017 The University of Manchester and John Wiley & Sons Ltd
V

e48

The Manchester School

consumption-capital ratio more procyclical and variable. In other words,
present-bias induces individuals to consume guided more by current and less
by permanent income than otherwise. This potentially resolves the longstanding consumption-output puzzle in standard models by bringing the
predicted consumption-output ratio closer to that observed in the data. As a
result, the level of capital is lower under HD. In other words, in addition to
the steady-state growth rate effects, we also point out level effects as a result
of transitional dynamics.
An important aspect of all our results is that the form, and not only the
amount of discounting, plays a key role. In order to distinguish between
amount and form of discounting, we use a present value-equivalent (PVEE)
discounting scheme that is purely exponential but does the same amount of
discounting in some sense as our hybrid HD scheme. All effects derived
under our scheme markedly differ from those under the PVEE scheme.
This includes results on both steady-state and transitional dynamics. Thus,
there is no observational equivalence: Economies that differ in their pattern
of discounting behave quite differently. We discuss related literature briefly
before summarising our own findings in Corollary 7.
The remainder of the paper is organized as follows. In Section 2, we
present a simple model with HD and derive a set of results related to the
marginal propensity to consume. In Section 3, we characterize the transitional dynamics of this variable. In Section 4, we embed this analysis into a
standard AK model and derive steady-state and dynamic results. We conclude in Section 5. A series of Online Appendices (A–E) elaborate on the
most technical aspects of our results.
2
2.1

HD WITHOUT COMMITMENT
Exponential Versus HD

As in Barro (1999) and others, the framework assumes an infinitely lived,
representative-agent model where preferences are characterized by HD and
there is no commitment mechanism; time is continuous; utility is assumed
iso-elastic. At the time of planning (t), the individual is assumed to
maximize:
ð 1 12r
Cs
Uðs; tÞds
(1)
Ut 
t 12r
where C is real consumption and r the inverse of the elasticity of substitution. Empirical evidence suggests that the intertemporal elasticity of substitution is less than unity, (e.g. Hall, 1988), i.e. r > 1; we maintain this
assumption in the sequel, but we shall also briefly consider the commonly
used benchmark case of log-utility (r 5 1).
C 2017 The University of Manchester and John Wiley & Sons Ltd
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Assumption 1: r > 1
Our discount factor is given by:
u

Uðs; tÞ  exp f2qðs2tÞg½11dðs2tÞ2 d ;

q; u; d  0

(2)

which involves a mix of exponential and HD-based discounting: The former
involves the standard discount rate, q > 0; the latter is parameterized by (a)
the strength of HD discounting, 0  u < 1, and (b) an index of present-bias,
d > 0.5 Note that the exact functional form proposed here is one contribution of the present paper.
For the parameters shown, the discount factor (equation (2)) has the
usual properties:
Uðt; tÞ51; lims!1 Uðs; tÞ50;

dUðs; tÞ
dUðs; tÞ
< 0;
>0
du
dd

limd!0 Uðs; tÞ5exp f2ðq1uÞðs2tÞg; limd!1 Uðs; tÞ5exp f2qðs2tÞg

The associated discount rate is:
2

dUðs; tÞ
ds

Uðs; tÞ

5q1

u
11dðs2tÞ

(3)

This discount rate begins high and asymptotically drops to the exponential discount rate (q). As a result, the individual is more presently biased, exhibiting
higher impatience in any intertemporal dilemma the nearer it appears in the
future. It is easy to check that a rise in d decreases the distant-future discount rate
in relation to the near-future one, i.e. makes the present-bias more pronounced.
The HD part of equation (2) is standard, see e.g. Al-Nowaihi and
Dhami (2008). Our innovation is to combine this with an exponential part,
and to restrict the configuration of parameters by Assumption 2. In the
present framework, an exponential part is included both because of the need
to have a positive discount rate asymptotically (see Proposition 1 and Corollary 1 below) and because in a growth context variables like consumption
will be growing exponentially in the steady state; hence calculation of lifetime utility will necessarily involve integration of exponential and hyperbolic
elements. In a recent contribution with a similar dynamic system as our
own, Cabo et al. (2016) have shown that non-exponential discounting

5

To use a metaphor, one knob (u) turns the water on-off while the other (d) adjusts the temperature. We show that the effects of these parameters are quite similar; we refer to them (jointly
and interchangeably) as the intensity of HD and/or present bias.
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facilitates the appearance of non-standard, non-exponential patterns of
growth; but investigation of such possibilities is beyond our scope.
It should be noted that the issue of what exactly is the appropriate form
of the discount factor in equation (2) is not settled (see, e.g. Frederick et al.,
2002, footnote 13; ODonoghue and Rabin, 2015; Findley and Caliendo,
2014). Following Loewenstein and Prelec (1992), al-Nowaihi and Dhami
(2008) use a generalized hyperbola without any exponential portion. This
however implies that the discount rate in the distant future is arbitrarily low,
implying arbitrarily high patience asymptotically; there is no particular reason to think that this is the case. In general, Barro (1999) uses a hybrid
exponential-hyperbolic formulation; for tractability, in parts of his analysis,
he uses an exponential discount rate. As mentioned, the formulation of
Cabo et al. (2015) is more general but does not give rise to closed forms. Our
formulation is a special case of Barros (1999) general functional form that
allows tractability (cf. Proposition 1).
In order to facilitate comparisons with the standard model, following
Strulik (2015), we postulate a purely exponential discount rate w that is
equivalent in present-value terms to the mixed exponential-HD of equation
(2); i.e. we define a w > 0 such that:
ð1
ð1
exp f2wðs2tÞgds 
Uðs; tÞds
(4)
t

t

As Appendix A shows in detail, under Assumption 2, the RHS of equation
(4) can be integrated to yield:
w5

du=d q12u=d
Cð12u=dÞ

(5)

where C(.) is the Gamma function.
Obviously, limu!0 w5q: the purely exponential case emerges as a special
case of our framework. Furthermore, as Appendix A shows, we also have:
dw
> 0;
du

dw
>0
dd

(6)

w increases with the intensity of HD and present bias. By defining a discount rate (w) that does the same amount of discounting in a presentvalue sense allows us to differentiate between the form and the amount of
discounting. We shall indicate as superscripted PVEE the propensity to
consume (k) and the growth rate that would result from purely exponential
discounting at rate w. Furthermore, for comparison, we shall also derive
results under an exponential-only discounting scheme (u 5 0, q > 0), indicated by superscript EXP. Results under the PVEE and EXP schemes are
C 2017 The University of Manchester and John Wiley & Sons Ltd
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to be contrasted with those under the hybrid scheme (superscripted HD),
which is our main focus.
The root of the time inconsistency problem is that, according to the
scheme in equation (2), discounting between two future times s0 > s > t
depends not only on the difference s0 2 s (as in the exponential case) but also
on the time of planning period (t) itself; to see this, write such discounting
between these future dates evaluated now as:
2u=d

0

 ðs0 ; s; tÞ  Uðs ; tÞ 5exp f2qðs0 2sÞg ½11dðs2tÞ
U
Uðs; tÞ
½11dðs0 2tÞ2u=d
As a result, the perturbation argument underlying the standard Euler
equation is not valid as the results depend on the horizon which we are
considering. Developing the analyses of Strotz (1956) and Pollak (1968),
Barro (1999) has presented a perturbation argument which is timeconsistent as it depends on a policy rule (consumption rule) and the
resulting consumption dynamics that are both time-consistent. We follow
this procedure here.
In order for integration involving equation (2) to converge with sensible
properties, we impose:
Assumption 2: u, q > 0;
as:

0 < u/d < 1;

D/exp{1} < d < D for a D>1 defined



C0 12 D1

ln D  11ln ðqÞ2 
C 12 1D

Proposition 1: Under the parameter restrictions of Assumption 2, the discounting Scheme (2) and equation (3) has a number of desirable properties:
 Tractability: it allows closed-formed solutions;
 Consistency: a rise in d signifies both a rise in present-bias, and an
increase in overall discounting in the sense that dw
dd > 0;
 Generality: The model boils down to the purely exponential scheme
when u 5 0, which is therefore a special case of our framework.
Proof: Tractability is due to the fact that expressions involving equation (2)
under Assumption 2 are integrable owing to u/d < 1; consistency: as mentioned, a rise in d raises both the discount rate of the near future relative to
that of the distant future, and increases the overall discount rate, w, see
equations (4)–(6) below; generality: we show that the models features boil
down to those of the purely exponential scheme at key points below.
Notice that the restrictions in Assumption 2 resolve a tension: In this
range of parameters, a rise in d both increases present-bias but also
C 2017 The University of Manchester and John Wiley & Sons Ltd
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discounts more heavily over the life time (w rises, see below). Outside it, a
rise in d increases the near-future discount rate in relation to the distantfuture one (i.e. increases present-bias), but decreases overall discounting;
which seems a contradiction. This ambiguity in the role of d seems to have
gone unnoticed in existing literature. Assumption 2 resolves it.
䊏
2.2

A Time-Consistent Procedure

Following Barro (1999), the utility functional (equation (1)) may be linearized as:
ð1
12r
ð12rÞUt 5eCt 1
Cs12r Uðs; tÞds
(7)
t1e

This expresses intertemporal utility as two portions, a (linearized) flow of
instantaneous utility for some for a sufficiently small period of time e > 0
ahead, and the standard utility functional thereafter (discounted at t). The
strategy is to consider a possible perturbation whereby the consumer
changes consumption starting at t, and then uses the proceeds of that change
to reset their consumption at t 1 e and beyond; this information is given by
the consumers budget constraint and some postulated but time-consistent
consumption dynamics.
More formally, the perturbation should leave utility at time t unaltered,
if the consumer is on an optimal path. Accordingly, the change in lifetime
utility from a change in Ct is:
dUt
5eCt2r 1
dCt

ð 1
t1e

Cs2r


dCs
dCt1e dKt1e
Uðs; tÞds
50
dCt1e
dKt1e dCt

(8)

This approach allows the entire stream of consumption, and not only consumption at a specific point in time as in the perturbation underlying the
Euler equation, to be potentially affected after the initial change; this is key
to delivering time consistency. The total effect on utility from a change in current consumption is made up of the sum of the direct effect on utility for as
long as the initial change occurs (e) plus the effect on discounted utility from
the change in consumption at s  t 1 e. Furthermore, to gauge the change in
future consumption, one needs an evolution formula for consumption from
t1e onwards (the ratio inside the curly brackets), the effect of altered assets
at t 1 e on consumption at t 1 e (a kind of propensity to consume out of
assets, the first ratio outside the curly brackets), times the effect on assets at
t 1 e from changed consumption at t (the second ratio). We consider these
effects in turn.
The individuals budget constraint is expressed as:
C 2017 The University of Manchester and John Wiley & Sons Ltd
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(9)

where Kt are assets, rt is the rate of interest and Wt the labour income of the
individual (all in real terms). The real interest rate need not be time-invariant;
in fact, as it reflects the marginal productivity of capital, we shall take it as an
exogenous driver of growth in what follows. Written as an approximation in
terms of the small but finite period of time e, this equation reads:
Kt1e 5ð11ert ÞKt 1eWt 2eCt

(10)

The labour income (W) will be linked to the production function, to be specified below. The main point here is, it is exogenous to the individual. Therefore,
dKt1e
52e
dCt

(11)

Evaluating the effect of higher assets at t 1 e on consumption at that time
and beyond (dCt1e =dKt1e ) is trickier. Following Barro (1999), we conjecture
that there is a propensity to consume out of current assets and life-time
labour income, defined by:
kt 

Ct
t>0
Kt 1W

(12)

Formally, kt is defined as the consumption-intertemporal resources ratio; it
will play a prominent role in what follows. It is allowed to be non-constant
in dynamics, but will be the constant grand ratio in the balanced growth
path. Under purely exponential discounting, kt reduces to the standard nonlinear function of the interest rate and the exponential rate of time preference. Effectively, equation (12) gives the individuals hypothesized policy
rule. Even though it is time-varying, the resulting outcome is timeconsistent, as we explain below.6

6

This is a good place to state more precisely a point of difference of our analysis with both Barro
(1999) and Cabo et al. (2015). Our starting point (equation (13)), equivalently (equation
(14)) is Barros (1999) equation (19) which is postulated under log-utility. We generalise that
by considering more general preferences and allowing for a variable kt (constant under logutility); differentiating (equation (14)), we get equation (16). Note that under log-utility,
equation (16) reduces to dCt =dt5ðrt 2kÞCt , as k is constant; this is derived in Barro from
equation ((14)—his equation (19)). In considering more general preferences, however, Barro
(1990, equation ((51))
 hypothesises an analogue to that in the manner of the Euler equation,
which is dCt =dt51 r ðrt 2kt ÞCt ; and Cabo et al. (2015, equation (13)) use that. However
plausible, this is not compatible with equation (14), as can easily be checked. The main
problem with this formulation is that it does not allow an interpretation of k as the
consumption-intertemporal resources ratio (intuitively: the propensity to consume); but,
based on Barros equation (19), we do maintain this interpretation. Thus, our approach generalises that of Barros Section 3, we therefore develop it explicitly.
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Equation (12) implies a consumption path equal to:
 tÞ
Ct 5kt ðKt 1W

(13)

 t , are defined as:
Life-time labour earnings, W
 t5
W

ð1

 ðs

Ws exp 2 rv dv ds

t

(14)

t

Thus, using equation (14), we obtain:
t
dW
t
52Wt 1rt W
dt
Using this and the budget constraint (9) into (13), we get an expression for
the dynamics of consumption:
dCt =dt5ðrt 2kt ÞCt 1ðdkt =dtÞCt =kt

(15)

This equation replaces the Euler equation of consumption dynamics in the
standard framework. The novelty of this setup in relation to standard theory
is the existence of kt, as mentioned. Hence, consumption at any time s  t 1 e
is given by:
ð s 
 
(16)
rv 2kv 1k_ v =kv dv Ct1e
Cs 5exp
t1e

with k_ v  dkv =dv.
Inserting the information from the budget constraint (11), the policy
rule (13) and consumption dynamics (16), we are able to express the perturbation in equation (8) as:
ð 1

2r
exp½ð12rÞKs2t2e Uðs; tÞds
(17)
05eCt2r 2ekt1e Ct1e
t1e

where
Ks2t2e 

ðs 


rv 2kv 1k_ v =kv dv

(18)

t1e

Letting e ! 0, we impose Ct1e ! Ct, otherwise there would be discrete
jumps in the path of consumption. Re-arranging equation (17), we get a
value for the propensity to consume:
C 2017 The University of Manchester and John Wiley & Sons Ltd
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FIG. 1. The Steady-State System

kt 5 Ð 1
t

1
exp½ð12rÞKs2t Uðs; tÞds

(19)

Time-consistency has now been achieved: The propensity to consume kt
does not depend on s (after integration), therefore it imposes the same rule
on consumption at any given time irrespective of the timing of planning.
2.3 Steady State
Here, we characterize the steady state of equations (18) and (19). With constant r and k, the former becomes:
Ks2t 5ðr2kÞðs2tÞ
Introducing this into equation (19), we get:
k5 Ð 1
t

1
exp fXðs2tÞgð11dðs2tÞÞ2u=d ds

(20)

Where,
X  2q1ð12rÞðr2kÞ

(21)

Integrating the denominator in equation (20) in a completely analogous
manner to equation (5), we get:
k5

ð2XÞ12u=d u=d
d
Cð12u=dÞ

(22)

Equations (21) and (22) define a non-linear static system, depicted in Fig. 1
in (2X, k) space.
C 2017 The University of Manchester and John Wiley & Sons Ltd
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We obtain:

Proposition 2:
(a)
(b)
(c)
(d)
(e)
(f)
(g)
(h)
(i)

There exists a unique steady-state equilibrium (XHD, kHD);
0 < kHD < r;
dkHD/du > 0;
dkHD/dd > 0;
dkHD/dr > 0;
dkHD/dq > 0;
0 < dkHD/dr < 1;
Þr
Under the EXP and PVEE schemes, kEXP 5 q1ðr21
r
w1ðr21Þr
PVEE
5
, resp.;
k
r
kEXP < kPVEE < kHD.

and

Proof:
(a)

(b)
(c)
(d)

A simple geometric argument based on Fig. 1 establishes the existence and uniqueness of equilibrium: equation (22) is upward-sloping
because of 0  u < 1, u/d < 1; while the slope of equation (21) is 2
1
ðr21Þ < 0 (from Assumption 1). As the loci are monotonic and with
slopes of opposite signs, they do intersect once only in the positive
quadrant;
See Appendix B;
By analogy with equation (6), using Assumption 2;
By analogy with equation (6), using Assumption 2;

(e)

We have from equation (21) that
equation
d ð2XHD Þ
5
dr

(22)

that

HD

r2k
HD
11rð12udÞ k HD
2X
HD

HD
d ð2XHD Þ
5r2kHD 2r dkdr
dr
HD


u kHD d ð2X Þ
dkHD
.
dr 5 12 d 2XHD
dr

> 0, therefore

HD

dk
dr

and from
Therefore,

> 0 since by part (b) of the

Proposition, r2k >0;
A rise in q shifts (equation (21)) right; therefore, the equilibrium
slides up (equation (22)), establishing the result;
(g) A rise in r also shifts (equation (21)) right; by analogy with (e), the positive sign of the result follows. Furthermore, combining equations (21) and
(22) we have:
h
i1=ð12udÞ
HD
(f)

q2

k
Cð12u=dÞ
du=d

, from which we get:
kHD 5r1
r21


HD
dkHD
1 ð2XÞ
1
dr 51= 11 12u kHD r21 . From equation (21),
d

ð2XÞHD 1
5 ðr21qÞkHD
kHD r21

r
1 kHD
21 > 0. Therefore, the <1 part of the clause readily follows.
C 2017 The University of Manchester and John Wiley & Sons Ltd
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The PVEE and EXP special cases are defined by the following variants of equations (21) and (22) (setting u 5 0 and using either w or
q):


(23)
XPVEE  2q1ð12rÞ r2kPVEE :
kPVEE 52XPVEE 1w2q

(24)



XEXP  2q1ð12rÞ r2kEXP :

(25)

and

k
(i)

EXP

52X

EXP

(26)

From equations ((23)/(24)) and (25)/(26)), we see that
kEXP < kPVEE

(27)

follows trivially from w > q. We focus on kPVEE < kHD next. From equation
(22) and (5) we have:
k

HD



12u=d
2XHD
2XHD
du=d 5w
5
Cð12u=dÞ
q

12u=d

>w

The inequality follows from r > kHD as is required for positive steady-state
growth, therefore 2XHD > q. On the other hand, from equation (23) and
(24), we get:


kPVEE 5w1ð12rÞ r2kPVEE < w
This establishes that:
kPVEE < kHD

(28)

䊏
Apart from establishing the uniqueness and existence of steady-state equilibrium, Proposition 2 is key in several other respects. Part (b) implies the existence of a positive steady-state growth rate. Parts (c) and (d) jointly establish
that a greater present-bias leads to more current (as opposed to future) consumption. Part (e) establishes that a rise in the intertemporal elasticity of substitution (decline in r) decreases the current propensity to consume, an
intuitive property (a rise in this elasticity implies that the individual can shift
consumption towards the future by more if the incentives are right). Part (i),
C 2017 The University of Manchester and John Wiley & Sons Ltd
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particularly inequality (equation (28)), is key, implying that the form of discounting matters and not just its quantity: The PVEE schemes and HD
involve an equal amount of discounting in a present value sense, yet the latter
implies a greater propensity to consume. By equation (15), this also yields a
lower steady-state growth; we defer this discussion till later.
Furthermore, it is also straightforward to establish a further point
related to the case of log utility (r 5 1); though not supported by evidence,
this is a common benchmark in much theoretical work. We see that, if q 5 0
and r 5 1 (against Assumption 1), equations (21) and (22) yield the trivial
equilibrium k* 5 X* 5 0. To eliminate this possibility, we require q > 0:
Corollary 1: In the case of log utility (r 5 1), the discount factor must contain a non-trivial exponential portion with a positive discount rate alongside
the HD portion.
3
3.1

SHORT-RUN DYNAMICS

OF

kt

The System

The dynamic equation is given by equation (19), using equations (18) and
(2); it may expressed as the following system (letting e!0):
1

kt 5 Ð 1

exp½2qðs2tÞ1ð12rÞKs2t ð11dðs2tÞÞ2u=d ds
ðs 


rv 2kv 1k_ v =kv dv

(29)

t

Ks2t

(30)

t

Linearising and expressing in terms of deviations from the steady state, we
get the following dynamic equation:
k
k_ t 5kEXP ~k t 1

HD

r

ð12rÞ~r t 2

kHD
~t
ð12rÞcK
r

(31)

We use the following notational conventions:
Þr
, cf. (25) and (26);
 kEXP  q2ð12r
r
HD
is the steady-state value of kt—the superscript differentiates it
 k
from kEXP ;
 a tilde on the propensity to consume indicates a deviation from the
~ t;
steady state, i.e. ~k t  kt 2k and similarly with K

2 cu

Cð12u=dÞ
ð2X 1 dÞ12u=d du=d
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Appendix C reviews the properties of equation (32) in more detail.
From equation (18), we have in deviations form:
ð1 

~t 
~r v 2~k v 1k_ v =kv dv
K
(33)
t

implying:
~_ t 52~r t 1~k t 2k_ t =kHD
K

(34)

Equations (31) and (34) can be consolidated as:
EXP
~_ t 52 ~r t 1 12 k
~t
~k t 1 12r cK
K
r
r
kHD

(35)

Equations (31) and (35) are a 2 3 2 first-order, linear differential system in
~
~ t.
k t and K
3.2 The Purely Exponential Special Case
It is instructive to review briefly the case of purely exponential discounting/
no HD, shown by kHD 5 kEXP and c 5 0 in equation (35). In this case, the
system collapses to:
k
k_ t 5kEXP ~k t 1

EXP

r

ð12rÞ~r t

(36)

for which the solution is entirely forward-looking:
ð12rÞ
~
k t 52kEXP
r

ð1

expf2kEXP ðv2tÞg~r v dv

(37)

t

Thus, even in the absence of any present-bias, there will exist non-trivial, but
entirely extraneous, dynamics of kt, providing it is purely exponential. There
are two implications from this: The dynamics under purely exponential discounting is not different from the standard framework, where the exogenous
driver also elicits purely extraneous dynamics. Secondly, the dynamics under
PVEE will differ from the HD case although the amount of discounting in
the two cases is the same. Sub-Section 4.4 below shows that the dynamics in
the HD case under an evolving external driver is not trivial and not purely
extraneous.
In our framework, the dynamics of consumption is given by equation
(15) and, evaluating at kt 5kEXP , it may be re-written as:
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A'

FIG. 2. Dynamics

h
i
EXP ~
kEXP


ð
Þ~
k
1
12r
r
k
_
t
t
~r t
r
Ct
5 ~r t 2~k t 1
5
Ct
r
kEXP

(38)

This is standard. Thus, from the point of view of consumption dynamics as
well, the standard theory is a special case of this framework under no HD.
3.3 The General Case: Properties of the System (equations (20) and (23))
and Diagrammatic Exposition
Appendix C has the full details. Under Assumption 1, the systems eigenvalues are real and of opposite signs, and are given by:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12r
12r 2
kHD
2q1;2 5kEXP 1
ð12rÞc
(39)
c6
kEXP 1
c 24
r
r
r
The eigenvalues have the following properties:
(a)
(b)

0 < q1 ;
q2  0 with equality when u 5 0 (no present-bias).

The equilibrium is saddle-point stable; the full dynamics is described in
Appendix C. The major point that emerges here is that the existence of the
negative eigenvalue will generate non-trivial intrinsic dynamics, in sharp
contrast to the counterpart case under purely exponential discounting.
Below, we illustrate the dynamic adjustment; in Section 4, we outline the
implications in the context of a simple AK growth model.
Figure 2 illustrates the saddle-point equilibrium implied by equations
(31) and (35) in (kt, Kt) space, under the textbook case of a constant
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external driver (here r). The stable arm is downward-sloping. For illustrative purposes, let A be the initial steady-state equilibrium and let the
interest rate r rise once-and-for-all. From Proposition (2g) and equation
(30), both k and K rise in the steady-state; therefore the new equilibrium
(B) will be northeast of A. Since the system is a saddle point, stability
requires that there be a predetermined and a jump variable (Buiter,
1982; Turnovsky, 1995, Ch. 6). We assume that kt is a predetermined
variable, unable to jump and to cause any instantaneous jump in consumption; while Kt, as it is a forward sum, is able to change instantaneously. Note that this assumption may be underpinned by habits in
consumption (not modelled explicitly), which imply that individuals are
reluctant to change consumption too much at any particular moment.
Therefore, at the time of the exogenous change, there is an instantaneous
jump up only of Kt; thereafter, kt gradually increases and Kt decreases to
correct the overshoot. The stable arm becomes flatter with a greater
degree of present-bias; in that case, Kt jumps up by less and subsequently
~_ t j decreases. This finding underpins some of
corrects by less; therefore jK
the results below: To preamble, we shall see that the consumption-capital
ratio rises, therefore a greater present bias leads to more consumption
now and less saving and growth.
3.4 The General Case: Analytical Solution
As Appendix D describes in full detail, the solution to system equations (31)
and (35) is given by:
~
k t 5cQ2 expfq2 tg1R1t Q1 expfq1 tg1R2t Q2 expfq2 tg

(40)

~ t 5cexpfq2 tg1R1t expfq1 tg1R2t expfq2 tg
K

(41)

and

where ½ Qi 1 , i 5 1, 2 are the normalized eigenvectors corresponding to
roots qi, derived in Appendix C. The properties of Q1 and Q2 are defined in
Appendix D. Moreover, R1,2t are defined as follows:
ð
kð12rÞ1Q2 1
expf2q1 vg~r v dv
R1t  2
rðQ1 2Q2 Þ t
ð
Q1 1kð12rÞ t
R2t  2
expf2q2 vg ~r v dv
rðQ1 2Q2 Þ 0
c is a constant, to be determined as follows: As kt does not change discretely,
assuming that the exogenous driver (interest rate) is at a stationary equilibrium for t < T and changes at t 5 T, we have the following expression for c:
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k
~
k T 5cQ2 expfq2 Tg2expfq1 TgQ1

HD

ð12rÞ1Q2
rðQ1 2Q2 Þ

ð1
expf2q1 vg~r v dv
T

(42)
This is as there were no interest rate deviations before T. The value of k~ T
depends on the specific context; below, we turn to the AK model. After
developing the essentials in sub-Sections 4.1–4.4, we continue the discussion
of dynamics in sub-Section 4.5.
4
4.1

APPLICATION: HD

IN A

FLEXIBLE AK MODEL

Setup

Consider the AK production function:
Yt 5At Kt
where Kt is capital defined in a broad sense, and we assume that labour is
inelastically supplied and equal to the time endowment of one. We let the
marginal product of capital At vary over time; it is assumed proportional to
the exogenous real interest rate, rt.7 To differentiate this setup from the
standard AK model of a fixed productivity/interest rate, we call it a flexible
AK model:
rt 5aAt
The economy-wide budget constraint is:
dKt
5Yt 2Ct
dt

(43)

And the aggregate budget constraint is
K_ t rt Ct
5 2
Kt a Kt
4.2

(44)

Steady-State Results

Growth is given by:
gHD 5r2kHD

(45)

Considering Proposition 2, parts (b–h), we readily get:
7

Implicitly, 0 < a < 1 is the share of privately owned physical capital in the broad concept of capital that is envisaged in the AK model; which is proportional to physical capital in the production function (K).
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Proposition 3: Determinants of the steady-state growth rate:
(a)
(b)
(c)
(d)
(e)
(f)

dgHD/du < 0;
dgHD/dd < 0;
dgHD/dr < 0;
dgHD/dq < 0;
0 < dgHD/dr < 1;
gEXP > gPVEE < g:HD

Proof: Consider equation (45) and Proposition 2.
Present bias increases the propensity to consume out of lifetime resources (k) and consequently decreases the growth rate. Importantly, the steadystate growth rate under HD is less than the purely exponential equivalent
(PVEE) counterpart.
䊏
Corollary 2: The form of discounting, as well as its amount, matters for the
steady-state marginal propensity to consume and the growth rate.
Furthermore, we can derive the consumption-capital ratio: In the
steady state, from equation (44) with (45) and dropping the HD subscript,
we have:
C r
5 2g
K a

(46)

Considering Proposition 2, we unambiguously get the following results:
Proposition 4: Determinants of the steady-state consumption-capital ratio:
(a)
(b)
(c)
(d)
(e)
(f)

d(C/K)HD/du > 0;
d(C/K)HD/dd > 0;
d(C/K)HD/dr > 0;
d(C/K)HD/dq > 0;
(12a)/a < d(C/K)HD/dr < 1/a;
(C/K)PVEE < (C/K)HD.

Proof: It follows from equation (46) with Proposition 2.
䊏
The consumption-capital (C/K) ratio is inversely indicative of the saving
rate; this rises with technology (indicated by the real interest rate r) and falls
with the discount rate; part (f) shows that saving is less under HD than with
an equivalent (PVEE) amount of exponential discounting:
Corollary 3: The saving rate is less under HD than with an equivalent
(PVEE) amount of exponential discounting.
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The r-g Relation

In his recent, much talked about book, Picketty (2014) argues that the
difference between the interest and the growth rates is crucial for the
future of capitalism. Specifically, an r-g > 0 will imply, the argument goes,
that the share of capital in national income will perpetually rise; this is as
this tends to get reproduced at the rate of the real interest rate (r)
whereas real national income grows at rate g. Distributional considerations are outside the scope of this paper and we take no stance on
Pickettys arguments here; but we note that they have already stirred a
fair amount of debate, as exemplified e.g. in the Winter 2015 issue of the
Journal of Economic Perspectives.
Our point here is that this model has interesting implications for the
relation between these two variables. Equation (45) readily gives:
r2g5k
Therefore, our results can shed light on the r-g wedge. We have:
Corollary 4:
(a)

The HD-related degree of present-bias raises the wedge between the
real interest rate and the growth rate;
(b) The HD-type of economy has a higher r-g difference than an economy that discounts at an equivalent (in the PVEE sense) purely exponential rate.
As r is constant in the steady state, r-g increases because of a decrease
in g. The implication is that, if Pickettys (2014) arguments are correct, the
extent of present-bias will have important implications for the evolution of
income distribution.
4.4

Dynamics

Re-writing the consumption dynamics (equation (15)) as:
C_ t
5rt 2kt 1k_ t =kt
Ct

(47)

Next, combining (44) and (47), we have:
12a
Ct
C_ t K_ t
rt 1 2kt 1k_ t =kt
2 52
Ct Kt
Kt
a
~_ t 52~r t 1~k t 2k_ t =k, we obtain:
Linearising and using K
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C_ t K_ t
1
C
g t 2logK
g t 2K
~_ t 2 ð12aÞ r2k
11logC
2 52 ~r t 1
Ct Kt
a
K
a

(49)

This equation gives the dynamics of the consumption-capital ratio and
~ t derived above.8
depends crucially on the dynamics of K
Solving forward the deviations yields:


ð1
C
1
g
g
~_ s ds;
~r s 1K
(50)
logCt 2logKt 5
exp 2 ðs2tÞ
K
a
t
~_ t on the consumption-capital ratio is critical; it shows the
The effect of K
channel by which present-bias affects the dynamics of the growth model.
This necessitates another look at the dynamics of the marginal propensity to
consume, undertaken in the next-sub-section.

~ t (Again)
4.5 Dynamics of ~k t and K
We now continue the discussion of the dynamics from where we left it at the
end of Section 3. Since there is a close relationship between the real interest
rate and productivity (rt 5aAt ), in what follows we shall take the interest rate
as the exogenous driver of the dynamics: We consider exogenous changes in
productivity (and the interest rate). We begin by definitising the constant c
in the context of the initial condition (equation (42)). Following an unexpected, once-and-for-all rise in in steady-state interest rate at t 5 T, which
will be reflected in a rise in steady-state from k to k% > k, (equation (42))
becomes:
c5expfðq1 2q2 ÞTg

Q1 kð12rÞ1Q2
Q2 rðQ1 2Q2 Þ

ð1
expf2q1 vg~r v dv2
T

expf2q2 Tg
Dk
Q2

(51)
This is because, at time t 5 T, with kT 5k (no jump), the deviation is
~
k T 5kT 2 k% 5
k2 k% 2Dk < 0, and the sign follows from the assumption
that r jumps upwards. (It would have been the opposite if it had jumped
downwards.)
Equations (40), (41) as well as equation (51) depend on the deviations
of the interest rate from its steady-state value. Therefore, one key result
emerges immediately: When the interest rate jumps instantaneously to its
steady-state value, there are no interest rate deviations at any time (~r v 50,
8t), and the marginal propensity jumps freely to the new steady-state value.
In this case, c 5 0 and the solution for ~k t is,
8

~_ t 52~r t þ ~k t 2k_ t =k, one may rely on either K
~_ t or ~
Since K
k t 2k_ t =k to solve; we choose the former.
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~
k t 50; 8t

i.e. in this case the models dynamics degenerates: As in the standard AK
model, the propensity to consume, and therefore the growth rate, jumps
straight to the new steady-state values determined by the models fundamentals (cf. Section 2 above).
But, under HD, this model deviates from the standard case if the external
driver exhibits its own (extraneous) dynamics. For concreteness, let the interest
rate rise after some time T, but only gradually approach its steady state:
rt 5r ;

t < T;

rt 5r expf2bðt2T Þg1%r ð12expf2bðt2T ÞgÞ;

t  T; r% > r

where b > 0 is the speed of adjustment of rt from its former long-run equilibrium
(r ) to the new one (%r ). With b ! 1, the driver exhibits an instantaneous jump to
its new equilibrium (this is the textbook case of a once-and-for-all change). The
case of r% > r will be discussed in detail, while the symmetric opposite of a
decrease in the interest rate will be discussed only briefly. Thus, the deviations are:
~r t 50;

t < T;

~r t 5rt 2%r 5ðr 2%r Þexpf2bðt2T Þg  0;

t  T

With these assumptions, from equation (41), we get (see Appendix D for
more details):


~ t 52expfq2 ðt2T Þg 1 Dk1 r 2r ½expfq2 ðt2T Þg2expf2bðt2T Þgx
K
Q2
kð12rÞ1Q2
Q1 1kð12rÞ
2
x
rðQ1 2Q2 Þðq1 1bÞ rðQ1 2Q2 Þðq2 1bÞ


kð12rÞ1Q2
1 r 2r expfq2 ðt2TÞg
rQ2 ðq1 1bÞ
(52)
Therefore:


~ _ 52q2 expfq2 ðt2T Þg 1 Dk1 r 2r
K
t
Q2
3½q2 expfq2 ðt2T Þg1bexpf2bðt2T Þgx
kð12rÞ1Q2
Q1 1kð12rÞ
2
rðQ1 2Q2 Þðq1 1bÞ rðQ1 2Q2 Þðq2 1bÞ


kð12rÞ1Q2
1q2 r 2r expfq2 ðt2TÞg
rQ2 ðq1 1bÞ
x

(53)

Following a rise in the steady-state value of k due to a rise in the exogenous
~ t jumps at t 5 T, thereafter asymptotically approaching zero.
driver r, K
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As Appendix E shows, differentiating equation (53) with respect to the
parameters of interest (u, d), evaluating at u  0, we obtain:
9
8

=
<d K
~_ t 
5sgnðr% 2r Þ
(54)
sgn

;
: du 
u50

8

<d K
~_ t 
sgn

: dd 

9
=
u50

;

52sgnðr% 2r Þ

(55)

Aside from restricting attention to the vicinity of no present bias, results
(equations (54) and (55)) come with two additional assumptions: that the
rate of adjustment (b) be high enough and that the time since the change
(t2T) not be too high (see Appendix E). But it must be stressed that these
restrictions are rather mild and not severely binding. Under these condi~_ t during the transitions, increasing present-bias will increase the value of K
tion while the external driver is adjusting upwards. Things will be different
when the driver adjusts downwards (%r 2r < 0): (equations (54) and (55))
imply that this will be lower with more HD-related short-termism. The next
sub-section will outline the wider implications of these results for the AK
growth model. But before, we summarize:
Proposition 4: Dynamics of the propensity to consume (kt) in the AK model:
(a)
(b)

(c)

(d)

(e)

HD in general generates richer dynamics of the propensity to consume than under purely exponential discounting;
The dynamics degenerates in the special case of an infinite speed of
adjustment of the external driver, b ! 1, as e.g. in the textbook
case of a once-and-for-all change in the exogenous fundamental (and
without any habits-induced inertia in the marginal propensity to consume, kt);
There exists non-trivial but entirely extraneous dynamics in the case
of sluggish adjustment (finite b) of the exogenous driver (interest
rate) under a purely exponential discounting;
In the general case of less-than-infinite, but not too low, rate of adjustment (b < 1) and with present-bias, and in particular early on in the
adjustment process (t2T > 0 not too high), if the exogenous interest
rate increases (decreases) gradually, in the vicinity of no present-bias, a
~_ t ;
rise in HD-related present-bias increases (decreases) K
Under (d) above, the presence of endogenous dynamics is due to the
form rather than the amount of discounting: The dynamics under
the HD scheme is qualitatively different than under the PVEE
scheme.
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Proof: See the preceding discussion.
4.6

䊏

Consumption and Growth Dynamics

Proposition (4d) applied to equation (50) leads to a major result: In the
case of a rise (fall) in the exogenous interest rate, a rise in present bias
implies that the consumption-capital ratio is higher (lower) than other~_ s rises (falls); intuitively, consumption is more front-loaded in
wise, as K
anticipation of the future rise (fall) in capital and available resources.
Hence, Ct =Kt is more intensely pro-cyclical (its variance rises) and
leading (it rises or falls ahead of the rise in productivity/interest rate).
Note that this effect is induced by HD-related present-bias only, and is
unrelated to the exponential part of discounting, no matter how intense.
These effects are of course derived under the presumption that productivity (as reflected in the real interest rate) is the only exogenous driver. A
voluminous business cycles research (particularly Real Business Cycles
models, e.g. King and Rebelo, 1999) has argued that this is indeed the
main driver. Future research following this paper can establish whether
the results derived here for illustration purposes, under the interest rate
as the sole driver, hold under other external drivers. We can partially
summarize as follows:
Proposition 5: Business cycles effects of HD:
(a)

When the exogenous interest rate is rising (falling), a rise in the
degree of HD-related present-bias will generate a rise (fall) in the
consumption-capital ratio and a reduction (rise) in the capital growth
rate during the transition process.
(b) Under the assumption that the real interest rate (reflecting productivity) is the sole driver of business cycles:
 More intense HD results in the consumption-capital ratio being
more intensely procyclical with a higher variance;
 These effects are due only to the form of discounting; thus, an
economy with more intense HD will have a more procyclical
consumption-capital ratio than an economy with an equivalent
(in the PVEE sense) amount of discounting.
Proof: Consider the preceding discussion.
䊏
Note that since rt 5aAt, these business cycle-related results carry over to
the consumption-output ratio; in deviations, this ratio is given by the following modification to equation (50):
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1


ð
gYt 5log
gCt 2log
gKt 2~r t 5 exp 2 C ðs2tÞ 1 ~r s 1K
~_ s ds2~r t
gCt 2log
log
K
a
t

(56)

As the interest rate is exogenous, none of the above effects of present-bias on
~_ s is to be altered.
the ratio via K
The increased procyclicality of consumption relative to output following an intensification of HD-related present-bias is interesting from yet
another perspective. Standard models have some difficulty accounting for
the fact that consumption is very procyclical and almost tracks income (the
excess sensitivity result or consumption-output puzzle). For instance,
King and Rebelo (1999, Table 1) shows a standard deviation of consumption
relative to that of output of 0.74 in the data, whereas their baseline RBC
model predicts 0.44 (Table 3). Our results confirm the finding first suggested
by Laibson (1997) that the presence of present-bias and non-exponential discounting may be able to account for the discrepancy. Intuitively, this is
because in this case consumption is driven less by permanent-income and
more by current income considerations. We have:
Corollary 5: HD-related present-bias gives rise to a more procyclical and
variable consumption-output ratio, potentially resolving a long-standing
macroeconomics puzzle.
This leads us on to the implications for the growth rate of capital, to be
gauged from the above in relation to the aggregate budget constraint (equation (43)). As the rate of capital accumulation equals productivity (proportional to the interest rate) minus the consumption-capital ratio, the rise (fall)
induced by present-bias to the Ct =Kt ratio when the interest rate rises (falls)
implies that the rate of capital accumulation correspondingly falls (rises).
(Under plausible parameter values rt =a2Ct =Kt > 0 always.) Thus, the
enhanced pro-cyclicality of the consumption-capital ratio due to present
bias leads to a reduced pro-cyclicality and a reduced variance of the rate of
capital accumulation.
From here, it is a small step to show that the level of the capital stock
will in fact be lower under a more intense HD. Writing that level as,
log Kt 5log K0 1

ðt _
Ks
ds
0 Ks

we can express log-capital as the sum of an exogenous endowment at the
beginning of time plus the growth rate ever since. If we approximate,9
9

This equation will be accurate in the case of log-normality, otherwise an approximation.
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ðt _
Ks
K_ s
K_ s
t2
ds  tE
1 Var
Ks
2
Ks
0 Ks

(57)

we immediately see that the reduction in the variance of capital accumulation due to more intense HD will in fact reduce that overall amount of capital accumulation and the level of capital stock. Intuitively, the percentage
decline in I/K during a boom, when capital is high, minus the (equiproportional) rise in the same ratio during a trough, when capital is low, leaves a
negative net effect on capital accumulation. This is a levels effect additional
to the steady-state effect on the growth rate discussed in sub-Section 4.2
above (which would show up in the expectations term): Economies with
more intense HD are less capitalized and poorer in relation to economies
with an equivalent (PVEE) amount of purely exponential discounting. This
is yet another important implication of HD, with relevance to cross-country
income distribution.
The last result merits a highlight in a separate Corollary:
Corollary 6:
(a)

Present-biased economies, in the sense of HD discounting, differ in
their degree of capitalisation even if their steady-state growth rates
are identical.
(b) An HD-related present-biased economy will be less capitalized in the
steady state than an exponentially discounting economy that discounts at a PVEE rate (w).
(c) The form of discounting, particularly the presence of HD, may
account for parts of the capital and income disparities between richer
and poorer countries.
These results have implications for development accounting and crosscountry income inequality in so far as in any historical sample, the level of
development is likely to be a mixture of steady-state growth and transitional
dynamics.
Finally, we come to the question of observational equivalence between
hyperbolic and exponential discounting, which comes in two forms,
weak—whether a (any) purely exponential discount rate exists that replicates the results under HD, and strong—whether the PVEE rate replicates
these results. Previous literature has taken a mixed stance, no doubt attributable to the different setups employed. E.g. Barro (1999) shows that strong
equivalence is preserved for log utility in a neoclassical growth model and a
sophisticated bias; Strulik (2015) shows the same for the AK models under
na€ıve bias; but that does not hold true in general as shown by Farzin and
Wendner (2014) under isoelastic utility for a neoclassical model and na€ıve
bias. Under a fairly general setup with and AK model, Cabo et al. (2015)
find weak equivalence for both na€ıve and sophisticated bias and strong
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equivalence under a sophisticated bias. Drawing on all our results, we have
found that present-biased economies have different both steady-state properties and cyclical properties from purely exponentially-discounting economies, even from those discounting with a PVEE discount rate.10 The
behaviour of HD-type economies cannot be replicated by exponential
economies, no matter what the exponential discount rate is.
Corollary 7: There is no observational equivalence between HD and purely
exponentially discounting economies.
5

CONCLUSIONS

This paper integrates HD into the theory of growth in a continuous-time,
deterministic framework when no commitment is assumed. It uses the methods of Barro (1999), who in turn builds on earlier work by Strotz (1956) and
Pollak (1968), for dealing with the time-inconsistency problem that is inherent in any non-exponential discounting. The way time-inconsistency is dealt
with is by applying perturbation arguments that result not in the conventional Euler equation but in a novel dynamic equation for the propensity to
consume (consumption-to-lifetime resources ratio). Following Barro (1999),
the paper allows for HD discounting in addition to exponential discounting.
Our contribution may be partly summarized as extending the results of
Barro (1999), Strulik (2015) and Cabo et al. (2015) by allowing for isoelastic utility, deriving sharper results on the time-consistent procedure
under a sophisticated present bias and expressly linking those to growth
(the AK model). We also derive the implications for growth dynamics. All of
our results are derived analytically. In these respects, we go beyond existing
literature. In addition, this setup provides the foundations for an extension
to the flexible labour case, thus more firmly embedding it into the theory of
growth.
The discounting scheme is flexible enough yet lends itself to closedform solutions and is an innovation of this paper. It is an exponential-HD
hybrid characterized by an exponential discount rate (q), an intensity of HD
parameter (u) and the degree of present-bias (d). It includes the standard
pure exponential as the special case of u 5 0. For comparison, we postulate
a PVEE purely exponential discount rate that does the same overall amount
of discounting as our scheme. In this way, we are able to distinguish between
the effects of present-bias per se from the amount of discounting. We derive
a wide range of results related to both the hypothesized propensity to consume (k) per se, but also related to growth and the dynamics of business
10

It cannot be precluded that some exponential discount rate exists that replicates the steady-state
results obtained here. But the results related to transitional dynamics are qualitatively different arguing against equivalence of any kind.
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cycles. Our results consistently point to one conclusion, namely that the
form and not only the amount of discounting matters: There is no observational equivalence between HD and exponential discounting as is sometimes
argued.
We find that the existence of HD-related present-bias matters for the
long run properties of the system: The degree of present-bias increases
the marginal propensity to consume out of lifetime resources (k), decreases
the growth and saving rates and increases the difference between the real
interest rate and the growth rate (r-g), a quantity argued by Picketty (2014)
to predict the long-term evolution of income distribution. Moreover, these
effects are more pronounced than under PVEE.
Our setup also generates potentially non-standard dynamics. The
dynamics may be decomposed into the dynamics of the propensity to consume and the dynamics of the full (otherwise standard AK) growth model.
This framework implies endogenous dynamics of the propensity to consume
in the case of a finite rate of adjustment of the external driver (for illustration here: the interest rate, reflecting productivity). The dynamics degenerates in the special case of an infinite speed of adjustment of the external
driver, as e.g. in the textbook case of a once-and-for-all change in the exogenous fundamental, and becomes completely exogenous in the case of purely
exponential discounting. Outside of these special cases, the dynamics of the
propensity to consume becomes richer with the existence of HD-related
present-bias.
The implications for growth are illustrated by grafting the framework
just discussed onto the AK growth model. Aside from the special cases mentioned above, the consumption-capital ratio and the growth rate will be
affected by a rise in HD-related present-bias during transition as well as in
the steady state. The results for growth dynamics are derived in the vicinity
of no HD or present-bias (u  0) and under some additional, rather mild
assumptions (high enough b and low enough t2T). In the case of a rise (fall)
in the interest rate, a rise in the present-bias will generate a rise (fall) in the
consumption-capital ratio and a reduction (rise) in the capital growth rate
during the transition process. Thus, when the exogenous driver is productivity (captured by the real interest rate) as has been assumed here, partly
guided by much business cycles research and partly for illustration purposes,
the consumption-capital and consumption-output ratios become more volatile and procyclical, as consumption is driven more by current than permanent income. We argue that this result can potentially resolve a longstanding consumption-output puzzle, namely the difficulty by standard
models to account for the high volatility and excess sensitivity of consumption; by raising the predicted volatility, our model shows that present-bias
can bring the predicted closer to the data. Furthermore, present-biased
economies have a lower (average) steady-state level of capital; this is in addition to the steady-state growth rate effect of the present-bias. This result, as
C 2017 The University of Manchester and John Wiley & Sons Ltd
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well as the results on steady-state growth, will have implications for crosscountry income inequality. A final remark is that the transitional dynamics
and business cycles-related results are not present at all under purely exponential discounting; therefore, an economy with an equivalent amount (in
the PVEE sense) of purely exponential discounting will not exhibit these features at all.
In sum, we find that present-bias in discounting under no commitment
has important implications for both long-term growth and business cyclerelated dynamics, saving, development and for intra- or inter-country
income inequality. These results should be of acute interest to both theorists
and policy-makers.
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